functional solution of the problem of electric distribution on a conductor bounded by two intersecting spheres.
Like most Cambridge men of the 'nineties, Macdonald had been equipped with a working knowledge of harmonic analysis, but to this he had added an extensive acquaintance with the work of various analysts on Bessel functions. He had a great admiration for Sonine and L. Lorenz, and early developed the idea of transforming harmonic series into definite integrals involving Bessel functions.
Everyone knew how to get the series ; Macdonald was interested in summing them. This appears as a thread running through much of his work.
His papers in the last years of the nineteenth century were, in fact, largely concerned with pure mathematics-the relations between con vergent series and asymptotic expansions, the zeros and the addition theorem of Bessel functions, various Bessel integrals, spherical harmonics and Fourier series. The memoirs on the zeros of Bessel functions arose directly out of his interest in electrodynamical theory. There were three, and the object of them was achieved in the third {Proc. Lond. Math. 1899), on the zeros of K m(^), as he writes it, that is, the solution of Bessel's equation which vanishes at the positive imaginary infinity. It had been supposed that this function would have real zeros that would be im portant for electrodynamics, and in 1895 the subject of the Adams Prize for 1897 was announced in the following terms : " A discussion of the roots of the equation K n{z) -0; the essay should contain the numerical calculat of the earlier roots for the cases n = 0 and applications to one or more of the physical problems for the solution of which the K functions are required." Macdonald, calling on Love in his rooms at St. John's soon after this, remarked that the " fun of it was that there were no such zeros." It was hard to prove, and when he got the proof he made no reference to the possible or impossible electrical applications.
It was in one of these Bessel-zero papers {Proc. Lond. Math. Soc., 1898) that he gave the result, since known as M acdonald's theorem, that the number of zeros of a function f {z) in the regio at each point of which \f{z) | = a constant, exceeds the nu of the derived function f'(z) in the same region by unity, the function f(z) being supposed analytic in the region.
During this period, when most of his published work was concerned with pure mathematics, his interest in theoretical physics suffered no diminu tion, as was shown by a short but striking paper on elastic waves in crystals {Proc. Lond. Math. Soc., 1900) , in which he obtained the most general form of the energy function of a homogeneous continuous medium which satisfies Green's condition, that transverse waves are propagated in it independently of waves of dilatation ; he showed that when this condition is satisfied, the wave surface must be Fresnel's. M acdonald's permanent reputation as a discoverer will, however, probably rest chiefly on a group of researches, the origin of which may be traced to the announcement in 1899 of the Adams Prize subject for 1901, " The improvement of existing knowledge in respect to one or more of the following branches : the modes and periods of free electric vibra tions in systems of charged bodies, and the radiation from them ; the propagation of trains of electric waves, under the influence of long conducting wires, either straight or curved, and as affected by the neighbourhood of conducting or dielectric bodies ; the electric resonance of linear conducting circuits, and of regions partially surrounded by con ducting m atter ; the maintenance of forced vibrations ; the theory of wireless telegraphy."
• At this time all the younger Cambridge men were trying to assimilate Thomson's Recent R e s e a r c h e s , and hoping that there was, as Greenhill used to say, " meat on the bone." With his usual thoroughness, Macdonald went back to Maxwell and scrutinized the steps by which he had constructed his theory, finally convincing himself that at one place Maxwell-or it would be more correct to say, Maxwell's successors-had gone astray. The point was the proper formulation of the electro magnetic energy function. Maxwell presented his theory under two forms, in one of which the electrokinetic energy is expressed in terms of currents, and in the other in terms of magnetic force and induction. Subsequent writers, e.g., FitzGerald, Heaviside, and Hertz, took the second form as the starting-point of their investigations ; Macdonald now gave reasons for preferring the first form. This criticism was the text on which he founded the first part of an essay for which the Adams Prize was awarded. He took as kinetic and potential energy functions
rejecting the usual expression, more like ordinary kinetic energy, T = g~ J jj (a2 + P2 + y2) dx : that is, he conceived the kinetic energy to be resident in the medium according to the first form of integral, so that the second, though it gives the total amount over the whole system correctly, does not express its actual distribution in space. The situation may be illustrated by a com parison with hydrodynamics, where the kinetic energy of a fluid containing vortex lines can be expressed in terms of the vorticity by an integral, analogous to Macdonald's, involving the vortex distribution alone, and the behaviour of the vortices might be deduced from it, abstraction being made altogether of the fluid in which they exist.
One result of the change proposed by Macdonald would be the replace ment of the Poynting vector of energy transmission by another, the difference between them being, however, hardly detectable by observa tion ; near a vibrator the paths of rays would be altered, but when the waves become plane there would be no difference between the results of the two hypotheses. There is, however, a significant difference in principle between the formula of Poynting and that of M acdonald ; if we consider, for example, an ordinary electric current flowing in a closed circuit, Macdonald's formula corresponds to the conception that the energy is located in the electrons, and the work done is that performed by the electric forces acting on them ; Poynting's expression, on the other hand, is based on the assumption that the energy connected with the electrons is really located in the ether around them. M acdonald's theory may be criticized on the ground that the element of energy given by it is not essentially positive, and also that the vector (F, G, H) is a somewhat artificial mathematical abstraction defined by a volume integral taken over the whole electric field, whereas the kinetic energy resident at a place ought to be expressible in terms of the local physical conditions alone. For these reasons and also because his expressions for the energyflux and energy-density cannot be associated as components of a single energy-tensor, Macdonald's ideas have not found general acceptance.
In the second part of the Adams Prize essay, the general theory was applied to some of the problems that present themselves in connexion with the propagation of electrical effects, and in particular to examine how the fact that a wire has ends affects the frequencies of the electrical oscillations on it. This was in the days of M arconi's vertical antennae, showing nodes not at the end, but some way down the wire. For permanent undamped vibrations the nodes ought to be at the end, as most authorities held ; and the question that arose was as to the meaning of the analysis that displaced them. M acdonald's treatm ent followed the analogy of the open organ pipe in the theory of sound ; his results have perhaps not been universally accepted, although the work has not been superseded ; and the problem seems to be still awaiting a completely satisfactory solution.
The masterpiece of the Adams Prize essay, as published in 1902 under the title Electric W a v e s , was at the end, where the general dynamical problem of diffraction at the edge of a perfectly conducting totally reflecting) prism was solved by a method which admitted of extension to any transparent or metallic prism whose optical constants are known. The only case of diffraction for which a rigorous dynamical solution had been obtained previously was that of the straight edge of a perfectly con ducting plate (which, of course, may be regarded as a prism of vanishing angle) ; this had been reached through intricate analysis by Poincare, Sommerfeld, and Lamb. M acdonald's solution, which was accomplished in a few pages, was evidently suggested by his previous work on Niven's electrical problem.
About the time of the publication of Electric , Marconi succeeded in sending wireless signals across the Atlantic ; and the question of explaining the mechanism of such transmission attracted the attention of mathematicians. The question may be put thus : the electric waves generated by the sending apparatus differ from waves of light only by having a longer wave-length, which is, nevertheless, small compared with the radius of the earth ; and the curved surface of the earth may, therefore, be expected to form a sort of shadow, effectively screening the receiving apparatus at a distance. How, then, does it happen that in practice the waves penetrate into the region of the shadow ? With his unusual mathematical equipment, and his recent experience in manipulating the electromagnetic equations, it was almost inevitable that Macdonald should attem pt a theory. He formulated the m atter as a problem of diffraction-to determine the effect, at a distant point of the earth's surface, due to a Hertzian oscillator emitting waves of a definite frequency ; and quickly obtained ( Proc. Roy. of an oscillatory nature involving Bessel functions and zonal harmonics. The real difficulties began when he tried to sum the series. This he did (approximately) by substituting approximate values for the Bessel functions. The amount of diffraction thus found was so great that his result was challenged by Rayleigh and by Poincare (Proc. Roy. Soc., 1904) . Macdonald (Proc. Roy. Soc., 1904) admitted the justice of the criticisms and revised his calculations so far as to give an independent proof that the extent to which the waves creep into the geometrical shadow must be much smaller than he had at first made it out to be. In a third paper (Phil. Trans., 1909) he found a method of summing his series, but again he seems to have fallen into some analytical error. So it was necessary to write a fourth paper (Proc. Roy. Soc., 1914) To Macdonald belongs the credit of having been the first to formulate the problem as one of diffraction, and of having, after much tribulation, solved it. The fact that wireless signals are much stronger than his final theory would lead one to expect, and that consequently the diffraction explanation cannot account for the facts, does not diminish the importance of his achievement ; for it was necessary to find what was the answer to the diffraction problem before accepting the (physically) more compli cated theory (originally proposed by Heaviside) of a layer in the upper rarefied region of the atmosphere, which acts as a reflector for electro magnetic waves of great wave-length, so that between this layer and the earth's surface the waves spread with only two-dimensional divergence.
His later papers (eight were produced in his seventh decade) continued the main study of his life, the radiation, transmission, and reflexion of electric waves. He never seemed to be affected by the tremendous upheaval caused by the discoveries of the twentieth century-relativity and quantum-mechanics-and the addresses which in his last year he gave to Section A of the British Association (September, 1934) and the Edin burgh M athematical Society (May, 1935) were purely " classical."
Macdonald was the typical " lad o' pairts," whose traits he retained throughout life. His most striking personal characteristics were a mind that found no place for hesitation and was at times somewhat dogmatic in expression, a strong sense of duty-he lectured himself three hours most mornings of the week in the autum n and spring terms-and, beneath a certain aloofness which was really due to shyness, a sensitive and kindly heart. He had a great aptitude and liking for business, and at Glare was for some years acting Senior Bursar, acquiring a great practical know ledge of farms and estates, which was helped by comparison with the stock-raising activities of his own countryside. As steward and manager of the kitchens, he became an expert in vintages and the niceties of cooking. A Highlander, he was easily drawn into the circle of m ountain eering enthusiasts at Cambridge, and became an expert member of the Alpine Club ; for many years he spent part of every summer in Switzerland, generally in the company of another mathematician, J . H. Grace of Peterhouse ; in later life he climbed with Aberdonian friends in the Cairngorms.
In 1905 Macdonald left Cambridge on being appointed to the chair of mathematics in his old University of Aberdeen, where his ability as an administrator soon made him the most influential member of Senatus. In 1907, he was elected as one of the representatives of the Senatus on the University Court, of which he remained a member (except when absent on Government service during the War) for the rest of his life, attending his last meeting only a week before his death. Brought up on a farm, and with the further experience of estate management gained at Clare, he naturally took up specially the oversight of the University lands and buildings, and watched over the erection of the M odern Languages Block at King's College, the Library Extension, the Botany and Forestry Buildings, the Elphinstone Hall (which was entirely M acdonald's idea), and the restoration of the Chapel. His conception of a cite universitaire for the neighbourhood of King's College has left a permanent impress on the region. After a time, the management of the general finances of the University fell more and more on the shoulders of Macdonald and his friend, the late Dr. J . E. Crombie, to the great advantage of the University ; for long before the conversion of the Five Per Cent. W ar Loan was generally thought of, they advised the Court to sell out hundreds of thousands of pounds of that stock, and invest the proceeds in other Government securities, then low-priced, which now show an appreciation in capital value of close on a quarter of a million sterling.
Macdonald also took a prominent part in the affairs of many scientific and educational institutions in the north of Scotland ; he was chairman of the Highlands and Islands Educational Trust, Convener of the Lands and Buildings Committee of the Rowett Institute for research in animal nutrition, Convener of the Engineering and Chemistry Committee and subsequently of the Buildings and Finance Committee of Robert Gordon's Colleges, and one of the most active members of the Scottish Universities Entrance Board. O n questions of educational curriculum, he stood stoutly for classics and mathematics, and had little belief in the value as mental disciplines of the " modern " subjects.
Over and above his activities in Scotland, he served in 1908-10 on the Council of the Royal Society, and for three periods amounting altogether to sixteen years on the Council of the London M athematical Society. He used to say that Aberdeen was the best place to live in for anyone with work in London, since there was time to get a good sleep while travelling up to it. During the War he was head of the Wages Section of the Ministry of Munitions.
The value of his work in mathematical physics was recognized by the fellowship of the Royal Society in 1901, an honorary fellowship of Clare in 1914, a Royal Medal of the Royal Society in 1916, the presidency of the London Mathematical Society in 1916-18, and the honorary LL.D. of Glasgow in 1934. In recognition of his scientific eminence and public services, a portrait, painted by Mr. R. Grenville Eves, A.R.A., and sub scribed for by a very wide circle of friends and former students, was presented to the University of Aberdeen in 1933. In unveiling it, Lord Provost Alexander referred to him as " a man of science and a teacher, an administrator, a man of affairs, and a citizen who had ' done the State some service,' not only in the immediate concerns of the city and district, but in the wider national field."
Macdonald never married. He was very fond of children, and used to keep a stock of sweets for them in his study, and take them to the pantomime. When he died after a short illness on M ay 16, 1935, one of the most touching tributes was a wreath sent by a number of his young friends.
E. T. W h i t t a k e r .* * T he w riter of this notice begs to express thanks for help received from Professor M acd o n ald 's surviving relatives, from Sir Joseph L arm or and Professor A. E. H . Love, an d from D r. J o h n Clarke and M r. George D uncan, of A berdeen.
